Abstract. Let p be a rational prime. The kðGV Þ theorem states that, given a finite p 0 -group G acting faithfully on a finite elementary abelian p-group V , the number of conjugacy classes of the semidirect product GV is bounded above by the order of V
Introduction
Let V be a faithful coprime F p G-module of finite order p n , where p is a prime not dividing the order of the finite group G. Then kðGV Þ c jV j, that is, the number of conjugacy classes of the semidirect product GV is bounded above by the order of V . The reader is referred to the monograph [18] for a proof of this kðGV Þ theorem. It settles Brauer's celebrated kðBÞ problem for p-blocks B of p-solvable groups (bounding the number kðBÞ of ordinary irreducible characters belonging to B by the order of a defect group; see the comprehensive review MR2369608 (2009C:20014) ). In the present paper we examine when equality kðGV Þ ¼ jV j can happen. The author conjectured in [17] that for large p this upper bound can be attained only when G is abelian, establishing certain congruences modulo p for the degrees of its irreducible characters. However, the possible size of p remained completely undetermined. One expected at least to get a qualitative result like that in Robinson and Thompson [15] solving the kðGV Þ problem for primes p > 5 30 . In the usual approach to the kðGV Þ problem Cli¤ord theory is applied to self-dual modules for point stabilizers (real vectors), and one requires an appropriate substitute. It turns out that one can argue advantageously using permutation modules allowing sign changes (binomial vectors). In fact, the minimal counter-examples obtained in this special case readily yield that G must be abelian when p > 31 (and kðGV Þ ¼ jV j). When this (mysterious) equality holds, the point stabilizers fulfill certain character congruences (Lemma 4) and the module V is primitive provided that it is irreducible and admits no binomial vector (Proposition 3). These are crucial ingredients of our approach. One can assume without loss that G is irreducible on V :
Lemma 0. Suppose that G 0 1 and that kðGV Þ ¼ jV j. Then V ¼ ½V ; G l C V ðGÞ where the commutator module ½V ; G ¼ V 1 l Á Á Á l V r has a unique direct decomposition into the nontrivial ( pairwise nonisomorphic) irreducible submodules V i of V , and letting G i ¼ C G ðV =V i Þ we have G ¼ G i Â C G ðV i Þ and kðG i V i Þ ¼ jV i j for each i.
This follows from the kðGV Þ theorem and [18, Proposition 3.1 (a)]. Observe that kðGV Þ ¼ jV j precisely when kðG i V i Þ ¼ jV i j for each i, and when every conjugacy class of GV =G i V i G ðG=G i ÞðV =V i Þ is good for G i V i (in the terminology of [18] ). In particular, every conjugacy class (irreducible character) of G i V i must be stable under GV . This implies that G ¼ G i Â C G ðV i Þ for each i, and G i J C G ðV j Þ for i 0 j. Indeed kðGV Þ ¼ jV j if and only if GV ¼ G 1 V 1 Â Á Á Á Â G r V r Â C V ðGÞ and kðG i V i Þ ¼ jV i j for each i.
It follows from the kðGV Þ theorem that kðGÞ c jV j À 1, with equality if and only if G is a Singer cycle on V (cyclic of order jV j À 1). If G is abelian acting irreducibly on V , then G is cyclic and all G-orbits on V a are regular, so that there are t ¼ ðjV j À 1Þ=jGj such orbits. Hence kðGV Þ ¼ t þ kðGÞ ¼ t þ ðjV j À 1Þ=t (in view of [18, Proposition 3.1 (b)]), and from kðGV Þ ¼ jV j it follows that either t ¼ 1 (G a Singer cycle on V ) or t ¼ jV j À 1 (G ¼ 1).
Suppose that G is a nonabelian irreducible p 0 -subgroup of GLðV Þ ¼ GL n ðpÞ. If G contains a Singer cycle on V , then G is a subgroup of GL 1 ðp n Þ (e.g. see [7] ), and kðGV Þ ¼ jV j if and only if G ¼ GL 1 ðp n Þ with p n ¼ 2 3 or 3 2 (see [17, Theorem 2] ). So the Frobenius group of order 21 (p n ¼ 2 3 ) and the semidihedral group of order 16 ( p n ¼ 3 2 ), as well as its dihedral subgroup of order 8, provide examples where kðGV Þ ¼ jV j but G is not abelian. No nonabelian examples of this kind seem to be known for p d 5. It seems that kðGV Þ is small compared with jV j when G is not solvable; for instance Guralnick and Tiep [6] have shown that kðGV Þ < jV j=2 when G is almost quasisimple.
The main result of this paper is the following.
Theorem. Let V be a faithful irreducible F p G-module for some p 0 -group G 0 1. Suppose that kðGV Þ ¼ jV j and that p > 5. Then G is a Singer cycle on V .
As in the history of the proof of the kðGV Þ theorem the characteristic p ¼ 5 case appears to be most challenging. It remains open whether the result holds also in this case. Here our method of proof fails, relying on upper bounds for the class numbers of certain subgroups of the Weyl groups W ðB n Þ. It is fairly easy to see that the theorem carries over to p ¼ 5 when there is a point stabilizer of exponent 1 or 2, or when one assumes in addition that G is not absolutely irreducible on V . Note that if G is a Singer cycle on V and jV j 0 p, then G is not absolutely irreducible on V .
We obtain a supplement to work of Robinson [16] . Let X be a p-solvable group, B a p-block of X and P a defect group of B. Then kðBÞ c jPj by the kðGV Þ theorem, and Robinson showed that kðBÞ < jPj unless P is abelian. By Fong reduction we may study this under the assumption that O p 0 ðGÞ ¼ 1, in which case B is the unique pblock of X , kðBÞ ¼ kðX Þ and P a Sylow p-subgroup of X . Then kðX Þ ¼ jPj if and only if X ¼ ZðX Þ Â GV where G is a p-complement in X and V is an elementary abelian p-group on which G acts faithfully satisfying kðGV Þ ¼ jV j (see [16] ). For p > 5 our theorem implies that not only P ¼ ZðX Þ Â V but also G G X =P must be abelian, G acting on each irreducible constituent of V as a Singer cycle.
Real vectors
Throughout the paper V will be a faithful coprime FG-module of finite order, F being a finite field of characteristic p not dividing jGj. Let p V denote the permutation character of G on the set V (counting the fixed points). By coprimeness d V ¼ jV j=p V is a generalized character of G (d V ðgÞ ¼ jV : C V ðgÞj for g A G), which has been introduced by Knö rr [8] . Let us call v A V a Knörr vector for G if for each generalized character y of H ¼ C G ðvÞ with yð1Þ 2 0 ðmod pÞ the inner product hyd V ; yi H d kðHÞ. It has been shown by Knö rr, stimulated by work of Brauer on subsections to blocks, that kðGV Þ c jV j if there exists such a vector. Lemma 1. Suppose that v A V is a Knörr vector for G, and let H ¼ C G ðvÞ. If kðGV Þ ¼ jV j then hwd V ; wi H ¼ kðHÞ for all irreducible characters w of G. This is part of [18, Theorem 3.3c] . Avoiding block theory, as used in [18] , the lemma can be easily settled on the basis of Knö rr's approach. Inspection of the proof for [8, Theorem 2.2] shows that kðGV Þ ¼ jV j if and only if for each irreducible character w of X ¼ GV the restriction to H Â hvi has the form
for some characters w 1 , w 2 of H (possibly zero) and some linear character l w of hvi satisfying hðw 1 À w 2 Þd V ; w 1 À w 2 i H ¼ kðHÞ. Here Res X H ðwÞ ¼ w 1 þ ðp À 1Þw 2 and wðvÞ ¼ ðw 1 ð1Þ À w 2 ð1ÞÞl w ðvÞ. If w has V in its kernel, so may be regarded as irreducible character of G G X =V , or if v ¼ 0, then w 2 ¼ 0 and l w is the 1-character of hvi.
We say that v A V is a real vector for G if the restriction of V to H ¼ C G ðvÞ has a faithful self-dual submodule. It has been shown by Robinson and Thompson [15] , using ideas of Gow, that kðGV Þ c jV j if there exists such a vector.
Lemma 2. Suppose that v A V is a real vector for G, and let U be a faithful self-dual submodule of V for H ¼ C G ðvÞ. 
the terminology of Knö rr (see also [9] ).
Suppose that kðGV Þ ¼ jV j. Then ½V ; H J U by [15, Corollary 5] , that is, d U ¼ d V on H (and v is 'strongly' real, i.e., Res G H ðV Þ is self-dual). If p 0 3 then necessarily N ¼ H maps into SLðUÞ. It remains to show uniqueness of c in this case. Assume that j is a generalized character of H with jð1Þ ¼ 1 and
It is crucial that the search for real vectors is compatible with Cli¤ord theory. The minimal counter-examples ðG; V Þ, with respect to dimension, the so-called nonreal reduced pairs, have been classified (cf. [18, Theorems 6.1 and 7.1], and see Section 5 below). This was a major step towards the solution of the kðGV Þ problem. It follows that there is a (strongly) real vector in V for G whenever p > 31. If ðG; V Þ is a nonreal reduced pair, then kðGV Þ < jV j=2 except for three pairs where G is solvable and transitive on V a and p A f3; 5; 7g; see [18, Proposition 10.1] . In the final step one had to treat the cases where there is no real vector available; see [4] , [5] , [14] . The Riese-Schmid theorem [14] tells us that if V is irreducible and admits no real vector, then V is induced from a nonreal reduced pair (see also [18, Theorem 8.4] ). The proof of the kðGV Þ theorem then is completed by the following.
Lemma 3. Let V be properly induced from a nonreal reduced pair. Then kðGV Þ < jV j=2 provided that there is no vector v A V such that the restriction of V to C G ðvÞ contains a faithful permutation module.
This again is implicit in [4] , [14] and, of course, in [18] . Indeed, suppose that V ¼ Ind G X ðW Þ is induced from some nonreal reduced pair ðX =C X ðW Þ; W Þ. If the normal core Core G ðX Þ has a regular orbit on W , by Lemma 8.5a and Proposition 5.3a (proof of part (ii)) in [18] there is v A V such that the restriction of V to C G ðvÞ contains a faithful permutation module. Otherwise Theorems 8.5c and 10.3 in [18] apply; for the exceptional nonreal reduced pair in characteristic p ¼ 5 we use [5] .
Let us say that a finite group H fulfills the character congruences for the prime p if H is a p 0 -group satisfying wð1Þ 1G1 ðmod pÞ for all irreducible characters w A IrrðHÞ. It is immediate that then each quotient group of H fulfills the congruences for p. Observe also that then jHj ¼ P w A IrrðHÞ wð1Þ 2 1 kðHÞ ðmod pÞ, so jHj À kðHÞ is divisible by p (and H is abelian if p > jHj). This is proved on the basis of Lemma 2; we refer to [17] Proof. Let E be a nonabelian simple group. We wish to show that E is not a composition factor of H. Assume that this is false, and let H be a counter-example of smallest order. Then p is not a divisor of jHj and hence not of jEj. Moreover, H has a unique minimal normal subgroup N, no composition factor of H=N being isomorphic to E, and N is the direct product of the distinct H-conjugates of a simple group Let E ¼ A n for n d 7. Then A n has irreducible characters of degrees a ¼ n À 1 and b ¼ ðn À 1Þðn À 2Þ=2, a¤orded by the restrictions of the (irreducible) Specht modules S ðnÀ1; 1Þ and S ðnÀ2; 1; 1Þ of the symmetric group S n ¼ AutðA n Þ, respectively. (There is also an irreducible character of degree b À 1, to S ðnÀ2; 2Þ , but this will not be used.) If A n were a composition factor of H, then A n is a p 0 -group and so p > n. Moreover, then a 1Gb ðmod pÞ. It follows that 2ða þ bÞ ¼ n 2 À n ¼ nðn À 1Þ is divisible by p, which is impossible, or that p is a divisor of
which is impossible as well.
and L 2 ð9Þ G A 6 . We make use of the character table of E; see [19] . The Steinberg character of E (of degree q) extends to AutðEÞ ¼ PGL 2 ðqÞ. There are irreducible characters of degree q À 1 and q þ 1 which extend to PGL 2 ðqÞ and have the same inertia groups in AutðEÞ. Hence if E is a composition factor of H, then there is a positive integer a, dividing both the order of the (cyclic) group PGL 2 ðqÞ=PGL 2 ðqÞ and that of jHj, such that q 1Gaðq À 1Þ ðmod pÞ and q 1Gaðq þ 1Þ ðmod pÞ. It follows that p j 2aq, which is impossible (as p is odd and q j jEj, hence aq j jHj). r Remark. Let H be as in Lemma 5. It is easy to rule out the Mathieu groups as composition factors of H, and other sporadic simple groups. Also, at least the simple groups of Lie type treated in the Atlas [1] can be ruled out (assuming that p 0 3). Let us just treat here the group U 4 ð2Þ, because it is of special interest for this work (like A 5 , A 6 ). Assume that E ¼ U 4 ð2Þ appears as a composition factor of H. 
Let fx i g 1cicb be a set of representatives for the right cosets of K in S, with x 1 ¼ 1, and define inductively
bÀ1 is a normal subgroup of S contained in K 0 whose direct factors are permuted transitively by S (with kernel K 0 ). Letting then T ¼ S=N by Cli¤ord theory we have the estimate kðSÞ c P w A IrrðNÞ kðT w Þ=jT : T w j where T w is the inertia group of w in T. Assume that both a and b are less than 5.
. Similar estimate when kðK 3 Þ c 2. Otherwise NK 1 =K 1 G K 3 agrees with K 0 =K 1 or is of order 4 or is a copy of A 4 . If N ¼ K 0 then kðSÞ c kðK 3 wr TÞ c 185, the upper bound being attained when S=K 0 G S 4 (see [18, Proposition 8.5d] ). In general kðTÞ c 3 4 Á 5, and in the worst case we get the crude (but su‰cient) estimate kðSÞ c 800.
Assume that both a and b are at least equal to 5. Then by induction kðS=K 0 Þ c 7 ðbÀ1Þ=4 and kðK iÀ1 =K i Þ c 7 ðaÀ1Þ=4 for each i, hence
Thus it remains to examine the following four cases:
(i) H is maximal in S, i.e., S is primitive;
(ii) H is maximal in a subgroup K of S, and 2 c jS : Kj c 4;
(iii) there is a maximal subgroup K of S which contains H, and 2 c jK : Hj c 4; Case (i). Let S be primitive. We assert that S is solvable when n c 100. This is checked with the help of the list of primitive groups of low degree (not of a‰ne type) given in [3] . Indeed then all possible simple nonabelian groups appearing as composition factors of S, with one exception, are Atlas groups [1] , and are easily ruled out. (In addition to the groups already discussed above one has to rule out L 3 ðqÞ for q ¼ 3; 5; 7; 8, L 4 ð3Þ, U 3 ð3Þ, U 3 ð4Þ, U 3 ð5Þ, S 4 ð4Þ, S 6 ð2Þ, Szð8Þ, J 2 and HS.)
The exception is L 6 ð2Þ in degree n ¼ 63 (not a‰ne) and in degree n ¼ 2 6 (a‰ne). Use here that L 6 ð2Þ has unique irreducible characters of degree 62 and 217 [21] , and that its order is divisible by 3 Á 5 Á 31. Hence the assertion.
Let n c 20. Then S is solvable and n is a prime or n ¼ 16 (as n d 13). If n ¼ q is a prime, then S is a subgroup of AGL 1 ðqÞ and kðS 0 Þ c q for each subgroup Let n > 20. We show that then even kðS 0 Þ c 2 n=5 for each subnormal subgroup S 0 of S. This will be crucial for our proof, and used several times below. We argue like in [5, Theorem 1] , invoking the O'Nan-Scott theorem. Suppose first that S is of a‰ne type. Then S has a minimal normal subgroup V ¼ C S ðV Þ with n ¼ jV j ¼ q d for some prime q, the point stabilizer H G S=V being an irreducible subgroup of GLðV Þ ¼ GL d ðqÞ. The result holds for d ¼ 1, because then q d 23 and
This implies that S 0 has a unique q-block. Here S is solvable except possibly when ðq; dÞ ¼ ð2; 7Þ or ð2; 8Þ. But using the first three nontrivial irreducible character degrees (given in [21] ) one rules out that H is L 7 ð2Þ or L 8 ð2Þ in these cases, and one gets jSj < 2 2 d =5 as in [5] . If S 0 is solvable, then kðS 0 Þ c jS 0 j q by the kðGV Þ theorem. For ðq; dÞ ¼ ð2; 5Þ we have H G 31 or 31 : 5 (see [1, p. 70] ), and if ðq; dÞ ¼ ð2; 6Þ then jHj 2 c jG 2 ð2Þj 2 ¼ 2 6 (see the Atlas).
Then H is a subgroup of 2 Â S 4 or of 2 Â ð13 : 3Þ (see [1, p. 13] ) and so kðS 0 Þ c jSj 3 ¼ 3 Á jV j ¼ 3 4 . For q ¼ 3, d ¼ 4 inspection of the irreducible subgroups of GL 4 ð3Þ ¼ 2:L 4 ð3Þ:2 1 (see the Atlas), noting that O 3 ðHÞ ¼ 1, yields that kðS 0 Þ c jSj 3 c 3 2 Á jV j ¼ 3 6 . The remaining pairs ðq; dÞ are treated similarly.
In the non-a‰ne cases S is not solvable, hence n > 100. If S is of product type, argue as in [5] using the Maró ti bound [13] (in place of the Liebeck-Pyber bound [12] ). There is also no problem when S is of diagonal type. It remains to investigate the case where S is almost simple, say E J S J AutðEÞ for some nonabelian simple group E (picking S 0 ¼ S). By Lemma 5, E is not an alternating group or linear group A 1 ðqÞ ¼ L 2 ðqÞ. One also rules out the sporadic groups, either by considering character degrees or by knowing that n d PðEÞ, where as usual PðEÞ denotes the index in E of a proper subgroup of E of maximal order. So let E ¼ G l ðqÞ be a group of Lie type of (untwisted) rank l d 2 over F q (not isomorphic to an alternating group by [18, Proposition 8.5d ]. Use that if s is a partition of a 7-set into 2 (or more) parts, then kðT s Þ=jT : T s j c 1 for the stabilizer T s of s in T. The other cases are treated similarly.
Of course L=Core L ðKÞ is a primitive group of degree q d 2. If q > 20, then by (i) and (ii)
So let q c 20. Then S is solvable. If q is a prime or 8, then
except for some few triples ða 0 ; q; c 0 Þ where this estimate fails (q c 7). These exceptions, as well as the degrees q ¼ 4; 9; 16, are treated arguing as above. r
Corollary. If S is a solvable permutation group of degree n d 5, then kðSÞ c 7 ðnÀ1Þ=4 .
This improves [11, Theorem 2.2] . One might suspect that the result is true also for nonsolvable S.
Let W ðB n Þ ¼ 2 n : S n ¼ 2 wr S n be the group of all permutations of an n-set W allowing signs, the full binomial group of degree n d 1 (Weyl group). Each subgroup of W ðB n Þ defines a decomposition of W into orbits (in view of the natural epimor-
and W ðB 4 Þ have class numbers 2, 5, 10, 20, respectively. We shall use that in these cases kðX Þ c kðW ðB n ÞÞ for each subgroup X of W ðB n Þ. Proposition 2. Let X be a subgroup of W ðB n Þ for some n d 5. Assume that each nonabelian composition factor of X (if any) appears as a composition factor of certain groups fulfilling the character congruences for primes di¤erent from 3. Then kðX Þ c 7 ðnÀ1Þ=2 .
Proof. By assumption X is solvable for 5 c n c 9 (at least), and one checks that the result holds for n in this range. So let n d 10 in what follows. We argue by induction on n. Let S be the image of X in S n . By Proposition 1 we have kðSÞ c 7 ðnÀ1Þ=4 . As before one is readily reduced to the case that S is a transitive subgroup of S n . (Otherwise there is a proper S-subset of W of size
by induction, and if b c 4 then kðX Þ c 7 ðaÀ1Þ=2 Á kðW ðB b ÞÞ c 7 ðnÀ1Þ=2 likewise.) Let H be the inverse image in X of a point stabilizer in S (so jX : Hj ¼ n).
Let D be the kernel of the map X ! S n . This is an elementary abelian 2-group of order jDj ¼ 2 m for some m c n. Since S is transitive, there is a linear character l of H of order 2 (or 1Þ such that w ¼ Ind Therefore we may assume that H ¼ N X ðD 0 Þ. Then w A IrrðX Þ is irreducible by Cli¤ord's theorem. It also follows that C X ðDÞ J Core X ðHÞ ¼ D.
We shall appeal to the methods and results developed in the course of the proof of Proposition 1. So we know that X is solvable when n c 100. This follows directly from Step (i) of the proof for Proposition 1 when S is primitive; otherwise consider a maximal subgroup H 1 of X containing H, let H 2 be a maximal subgroup of
as desired. But kðX =K 0 Þ c 2; 3; 5 if b ¼ 2; 3; 4, respectively, and the result holds also in these cases. Hence it remains to examine the following situations:
(i) H is a maximal subgroup of X (S primitive);
(ii) There is a maximal subgroup K of X containing H, with jK : Hj ¼ 2; 3 or 4.
Let S be primitive. Then kðSÞ c 2 n=5 when n > 20 (from the proof of Proposition 1), and then kðX Þ c 2 n Á 2 n=5 c 7 ðnÀ1Þ=2 . If n c 20, then X is solvable and n a prime or n ¼ 16 (as n d 10). Thus kðSÞ c n when n is a prime, and kðSÞ c 2 5 
; 7Þ; ð2; 8Þ; ð2; 9Þ and ð3; 4Þ the obvious estimate works. The exceptions are handled examining more carefully an appropriate subnormal filtration of K 0 , and using Cli¤ord theory (as in Proposition 1). r
Binomial vectors
As usual let V be a finite coprime FG-module in characteristic p (not necessarily faithful for the time being). We call V a signed permutation module if V admits a distinguished F -basis W which is permuted by G allowing sign changes. So for each g A G and a A W we have ag A W or Àag A W. We also say that the module is binomial (rather than bi-monomial). Each such binomial FG-module V ¼ F W, with dim F V ¼ jWj ¼ n, defines a homomorphism of G into the Weyl group W ðB n Þ, and composing this with the natural epimorphism W ðB n Þ ! ! S n ¼ SymðWÞ we get the underlying permutation representation of G. Conversely, every group homomorphism G ! W ðB n Þ gives rise to a binomial module for G over any field F . If F is of characteristic p ¼ 2, then binomial modules are (pure) permutation modules. For instance, each coprime FG-module is binomial when G is an elementary abelian 2-group (with trivial permutation action, say), or when G is an extraspecial 2-group of positive type.
Of course binomial modules are self-dual. Modules of the form V ¼ Ind G X ðW Þ where W a¤ords a linear character of X of order 2 (or 1) will be called transitive binomial modules. It is obvious that direct sums and tensor products of binomial modules are binomial. One also verifies that if W is a binomial FX -module for some subgroup X of G, the induced module Ind 
Of course W is irreducible. We assert that there is a real vector w A W for X . Otherwise W is induced from a nonreal reduced pair by the Riese-Schmid theorem, and this induces up to ðG; V Þ (by transitivity of module induction). We show that the hypothesis in Lemma 3 is fulfilled. Assume that there is v 0 A V such that the restriction of V to H 0 ¼ C G ðv 0 Þ contains a faithful submodule U 0 which is a permutation module. Then ½V ; H 0 J U 0 by Lemma 2 and so Res
ðV Þ itself is a permutation module. But then v 0 is binomial for G, in contrast to our hypothesis. So Lemma 3 applies and yields that kðGV Þ < jV j=2, against our second hypothesis. Hence the assertion.
Let T be a right transversal to X in G and v ¼ P t A T wt. Then v is a real vector in V for G (by the standard argument yielding also statement (i) in Lemma 6; e.g. see [18, Proposition 5 .3a]). Let K ¼ C X ðwÞ and H ¼ C G ðvÞ, and let U be a faithful selfdual FH-submodule of V . Note that H V X t J K t for each t A T. By Lemma 2 we 
Thus w 0 0, from which we infer that Core G ðKÞ J C X ðW Þ. It follows that Core G ðKÞ is trivial on V , hence H ¼ Core G ðKÞ ¼ 1 as G is faithful on V . But then v belongs to a regular G-orbit on V a , and from [18, Theorem 1.5d] it follows that G is abelian. This may be proved also by means of Lemma 1 observing that each w A IrrðGÞ must be linear. Of course, G cannot be abelian since V is (irreducibly) induced from a proper subgroup. Hence t 0 1 H , as asserted.
We infer that hd V ;
But this is in contrast to Lemma 1. Consequently d c 2. If d ¼ 1 then F ¼ F p and X =C X ðW Þ is cyclic of order dividing p À 1. Then there is a binomial vector in W for X , hence a binomial vector in V for G by Lemma 6, part (i).
Thus we have jW j ¼ p 2 . By hypothesis and Lemma 6 there is no binomial vector in W for X . Hence X ¼ X =C X ðW Þ is a nonabelian p 0 -subgroup of GLðW Þ ¼ GL 2 ðpÞ. From the classification of such subgroups we see that X V SL 2 ðpÞ is isomorphic to 2:A 4 , 2:A 5 , 2 À S 4 (binary octahedral group) or to a 2-generator group similar to a generalized quaternion group [20, Theorem 6.17] . It follows that X has a unique nonabelian normal subgroup E which is absolutely irreducible on W , all abelian normal subgroups of X acting via scalar multiplications. In the terminology of [18] this means that the pair ðX ; W Þ is reduced (see Section 5). In the proof for Proposition 6 we shall describe in detail the reduced pairs admitting no binomial vectors. From that one infers that either E G 2:A 5 ( p A f11; 19; 31g) or E G Q 8 is a quaternion group (p A f5; 7; 13g), in which cases there is not even a real vector in W for X , that is, ðX ; W Þ is nonreal reduced. We know that Lemma 3 applies (as in the second paragraph of the proof ), and this yields that kðGV Þ < jV j=2. This is the final contradiction. r
In the known examples ðG; V Þ where kðGV Þ ¼ jV j and G is not abelian, there is a binomial vector v A V for G such that C G ðvÞ is abelian (see the introduction). This can happen only when F ¼ F 2 or F 3 :
Proposition 4. Let V be a faithful coprime FG-module where G is nonabelian and kðGV Þ ¼ jV j. Assume that there is a binomial vector v A V for G such that H ¼ C G ðvÞ is abelian. Then either F ¼ F 3 and H is an elementary abelian 2-group, or F ¼ F 2 and H is an elementary abelian 3-group with dim F C V ðHÞ d dim F V =3. In the sequel we basically use that U is a self-dual FH-module. Let U 0 ¼ ½U; H be the commutator module. Then U ¼ U 0 l C U ðHÞ and U 0 G U Ã 0 is self-dual. Of course U 0 0 0 as H 0 1 is faithful on U. By Lemma 0 we have a unique direct decomposition U 0 ¼ U 1 l Á Á Á l U m into the nontrivial irreducible submodules U i of U (pairwise nonisomorphic), and kðH i U i Þ ¼ jU i j for each i where In the latter case, employing that it is a binomial module, U must be the direct sum of the regular F 2 H-module with trivial modules (possibly zero). Hence Proof. Let jF j ¼ r, a power of the prime p.
By Proposition 4 we may assume that H is nonabelian. We shall prove that then hd V ; 1 G i H > kðHÞ if r is large enough (r d 7). By virtue of Lemmas 1, 2 (and the kðGV Þ theorem) this implies that kðGV Þ < jV j, as desired. Implicitly we assume that r is odd, because otherwise U is a permutation module, in which case the result holds when r d 5 (see below).
Let W be a distinguished F -basis of U, and let W ¼ U i W i be the decomposition into the distinct H-orbits. Then U i ¼ F W i is a binomial FH-module for each i, and
. By definition and by the arithmetic-geometric mean inequality ( just using that H 0 1)
We are going to show that Q h A H jU i : C U i ðhÞj 1=jHj d kðY i Þ for each subnormal subgroup Y i of H=C H ðU i Þ, and each i, provided that r d 7. This will settle the proposition.
Consider an H-orbit D of W of size n d 1 (by abuse of notation). So F D is a binomial FH-module which is a direct summand of U ¼ F W. Let X G H=C H ðF DÞ be the image of H in the Weyl group W ðB n Þ, and let S G H=C H ðDÞ denote the image of H in SymðDÞ ¼ S n . Let further D G C H ðDÞ=C H ðF DÞ be the kernel of the epimorphism X ! ! S, which is an elementary abelian 2-group of order at most 2 depending on whether X has order 2, generated by
or is elementary of order 4, or is cyclic of order 4, generated by
Let n ¼ 3. Then X is isomorphic to a transitive subgroup of W ðB 3 Þ G S 4 Â 2. Since X fulfills the character congruences for p and S is transitive, X is of type 
Reduced pairs
Fortunately the search for binomial vectors is compatible with Cli¤ord theory. It is thus important to know (and to determine) the minimal counter-examples ðG; V Þ, with respect to dimension, obtained in this manner, which do not admit binomial vectors (see Lemma 7 below). These pairs ðG; V Þ turn out to be primitive, tensor indecomposable and tensor primitive, they are reduced pairs. Up to few exceptions they do not even admit real vectors, so are nonreal reduced.
The group G is said to be reduced if it has a unique minimal nonabelian normal subgroup, E, the core of G, which is either quasisimple or of extraspecial type, and if all abelian normal subgroups of G are central. Thus C G ðEÞ ¼ ZðGÞ is the center and ZðGÞE the generalized Fitting subgroup of G. If G is reduced with core E and V is a faithful coprime FG-module, where as usual F is a finite field of characteristic p and G is a p 0 -group, then ðG; V Þ is a reduced pair (over F ) if E is absolutely irreducible on V . Embedding E and G into GLðV Þ let then G 0 ¼ N GLðV Þ ðEÞ be the normalizer. Then Z ¼ C G 0 ðEÞ G F ? is the center of G 0 , acting as the group of all scalar multiplications on V . Proof. The proof will give much more information on the possible pairs ðG; V Þ. Let jF j ¼ r be a power of the prime p and d ¼ dim F V . Let E be the core of G, and define G 0 and Z as above. Also let w denote the Brauer character of G (and of G 0 ) a¤orded by V . We know that there is no vector v A V such that C G ðvÞ is an elementary abelian 2-group. In particular there in no regular G-orbit on V .
Consider first the case where the core E is quasisimple (and so r odd by the FeitThompson theorem). Here ðG; V Þ cannot be a 'permutation pair', where E G A dþ1 and V is the deleted permutation module over F (with p > d þ 1 d 5). For in this case G 0 ¼ S dþ1 Â Z, and there is v A V such that H ¼ C G 0 ðvÞ is isomorphic to S d and Res
H ðV Þ is the natural permutation module over F (cf. [18, p. 64] ). From [18, Theorem 7 .2a] we thus may read o¤ all remaining reduced pairs ðG; V Þ of quasisimple type having no point stabilizer of exponent 1 or 2. Here G 0 is a p 0 -group, and we list the remaining pairs ðG 0 ; V Þ together with point stabilizers in G 0 of minimal order: 
there is no binomial vector (but a real one). For the pair ðG 0 ; V Þ described in the fourth line the author has not been able to show existence of a binomial vector, although here G 0 ¼ W ðE 6 Þ Â Z 6 and V is the reduction mod p ¼ 7 of the E 6 lattice. In all other cases there exist binomial vectors, as we shall show. Consider G 0 G 2:A 7 Z 10 . Here w ¼ w 10 or w 11 on 2:A 7 in the Atlas notation [1, p. 10], and a generator x of the point stabilizer H G Z 3 must belong to the conjugacy class 3B 0 and so wðxÞ ¼ 1. It follows that Res G H ðV Þ is the regular module F 11 H plus the trivial module.
Let G 0 G ðU 3 ð3Þ Â Z 4 Þ:2. Here w ¼ w 2 on X ¼ U 3 ð3Þ:2 ¼ G 2 ð2Þ in the Atlas notation [1, p. 14] . Let y A X be an element of order 6 outside X 0 ¼ U 3 ð3Þ. Thus y belongs to the class 6B, so that wð yÞ ¼ 0 and dim F C V ðyÞ ¼ 1. Also, y 2 belongs to the class 3B of X 0 , whence wðy 2 Þ ¼ 0 and dim F C V ð y 2 Þ ¼ 2. Choose any v A C V ðy 2 Þ which is not centralized by y. We assert that C X ðvÞ ¼ h y 2 i. Otherwise, computing inner products with the 1-character, C X ðvÞ must contain an element x A X 0 in the conjugacy class 2A (Atlas). Using that jC X 0 ð y 2 Þj ¼ 9 we also derive that hx; y 2 i G S 3 . But wðxÞ ¼ À2 and hx; y 2 i does not have a nontrivial fixed point on V . Hence the assertion. In any case there is x A X 0 in the class 2A normalizing y 2 , and we let H ¼ hzx; y 2 i where 1 0 z A Z ¼ Z 4 , z 2 ¼ 1 and so wðzxÞ ¼ 2. Then H G S 3 and C V ðHÞ ¼ C V ð yÞ, so that Res If
Here the restriction of w to H contains the 1-character, a faithful irreducible character of S 4 (of degree 3), which belongs to a binomial module, and a linear character (of order 1 or 2).
Let X ¼ 6 1 :U 4 ð3Þ:2 2 and G 0 G X Z. The isoclinism type of X plays no role. Hence we may identify X with the automorphism group of the lattice over R ¼ Z½e 2pi=3 of rank 6, described in [1, p. 52], and V with the reduction modulo a prime in R above p of this lattice ( p A f13; 19g) . Here R ? G ZðX Þ has order 6. There is a maximal subgroup M G 6:ð2 5 : A 6 Þ ¼ ð2 6 Â 3Þ:A 6 of X which is monomial with respect to a suitable basis of the lattice consisting of minimal vectors, and there is v A V corresponding to a suitable basis vector such that H ¼ C M ðvÞ has index jR ? j Á 6 in M. One obtains that H is binomial of type 2 5 : A 5 in terms of the basis of V obtained by reduction mod p from the lattice basis. From N X ðhviÞ ¼ ZðX Þ Â H it follows that C G 0 ðvÞ ¼ H.
In the last line of the table, X ¼ 2:W þ 8 ð2Þ:2 may be identified with the Weyl group W ðE 8 Þ, and V is the reduction mod p of the E 8 lattice ( p A f11; 13; 17g). The stabilizer of a minimal (root) vector in the lattice E 8 is the Weyl group W ðE 7 Þ G Sp 6 ð2Þ Â Z 2 , which has index 240 in X (see [1, p. 85] ). The root vectors form the X -orbit of lattice vectors with norm 2, and there is a unique X -orbit of norm 8 lattice vectors which are not twice a root vector [2, p. 123] . This orbit has size 17280, and remains so after reduction mod p. Let v A V be the image of such a norm 8 vector, and let H ¼ C X ðvÞ. Then jHj ¼ jS 8 j. By inspection of the maximal and second maximal subgroups of X one gets that H G S 8 and that N X ðHÞ=H is elementary of order 2 or 4. Hence N X ðhviÞ ¼ ZðX Þ Â H, whence C G 0 ðvÞ ¼ H, and Res G 0 H ðV Þ is the natural permutation module of S 8 over F . Now let E be a q-group of extraspecial type for some prime q (q 0 p), and let jE=ZðEÞj ¼ q 2m . Let U ¼ E=ZðEÞ ¼ EZ=Z. Either q is odd and E G q 1þ2m þ is extraspecial of exponent q or q ¼ 2 and
is the central product of such a group with a cyclic group of order 4. Recall that G 0 ¼ X Z where X is the 'standard holomorph' of E (with respect to F ). This X is determined by E unless E G 2 1þ2m G , where we have two standard holomorphs which however are determined by the value field Qðw on X Þ ¼ Qð ffiffi ffi 2 p Þ respectively Qð ffiffiffiffiffiffi ffi À2 p Þ (see [18, §4.3] ). We have ZðX Þ ¼ ZðEÞ and X =E G SpðUÞ ¼ Sp 2m ðqÞ when q is odd or when E G 2 The restriction of w to E is a faithful irreducible character of degree d ¼ q m , and G is a reduced p 0 -subgroup of G 0 which contains E and acts irreducibly on U. Observe that ZðGÞ ¼ G V Z and so G=ZðGÞ G GZ=Z. If Y ¼ GZ=EZ has a nontrivial normal q 0 -subgroup, then all cohomology groups H Ã ðY ; UÞ vanish by virtue of the inflation-restriction sequence (e.g. see [18, p. 214]) . In particular, then G=ZðGÞ G U : Y , where Y G Y acts irreducibly on U, and this is a primitive permutation group of degree jUj ¼ q 2m . (This may be proved also by means of the Frattini argument.)
Just using that no point stabilizer is an elementary abelian 2-group from [18, Theorem 6.3b] we conclude that we must have q ¼ 3, m c 3 or q ¼ 2, m c 5. This does not restrict jF j ¼ r as required. Arguing as in the proof for [18, Theorem 6.4 ] (see also [18, p. 200] ) one first shows that r must be odd. We appeal to some more results stated and proved in [18, Chapter 6] , as well as to the (computational) proof for Theorem 6.2 in Kö hler-Pahlings [10] . For q ¼ 3 we necessarily have m ¼ 1 and r A f7; 13g (see [10] and [18, Theorem 6.5] ). For m ¼ 5 point stabilizers exist which are elementary abelian 2-groups unless r ¼ 3 (see [10] ); the same statement holds for type 2 1þ8 À . For convenience we assume that r 0 3. Then only the following possibilities remain, where we list the cores and some stabilizers in G 0 : Let Lemma 7. Let V be an irreducible FG-module, where F is a finite field of characteristic p and G is a p 0 -group. Assume that there is no binomial vector in V for G but that the corresponding holds for all irreducibleF FG G-modulesṼ V for which charðF F Þ ¼ p and dimF FṼ V < dim F W ,G G being a central extension of a subgroup of G by a group of order dividing jGj. Then the pair ðG=C G ðV Þ; V Þ is reduced.
Proof. One argues as for [15, Theorem 12] or [18, Theorem 5.4] , appealing to Lemma 6. It is appropriate to carry out some steps since they will be used also in the proof of Proposition 7 below. We may assume that G is faithful on V (as usual). It is clear that G is not abelian, because otherwise there is a regular G-orbit on V . In partic- 
There exists a binomial FH-module U whose distinguished basis W is in 1-1 correspondence with W 0 such that F 0 n F U G U 0 . By a well-known theorem of Deuring U G Res G H ðV Þ. It follows that Z ¼ ZðGÞ acts by scalar multiplications on V and that every abelian normal subgroup of G is contained in Z, and that Res G N ðV Þ is absolutely irreducible for all nonabelian normal subgroups N of G. This is proved, as in [15] , [18] , using stable Cli¤ord theory and part (iii) of Lemma 6.
The proof is completed as in [18, p. 73] : Let E be a minimal nonabelian normal subgroup of G. Since Res G E ðV Þ is absolutely irreducible and faithful, C G ðEÞ ¼ Z and EZ is the generalized Fitting subgroup of G. It follows that E is the unique minimal nonabelian normal subgroup of G and that ðG; V Þ is reduced, at least when E is solvable. If E is not solvable, it is either quasisimple (and we are done) or it is the central product of jG : G 0 j > 1 distinct G-conjugates of a quasisimple group E 0 where
In the latter case Res Proof. We argue by induction on d ¼ dim F V . We may assume that V is faithful (as usual). Since there is no regular G-orbit on V , G is nonabelian and
From the proof of Lemma 7 we know that there cannot be a binomial vector in V 0 for G. So the result holds for V 0 , which is impossible as F 0 is not a prime field. Thus V is absolutely irreducible (over F ).
Suppose that V ¼ Ind G H ðW Þ for some proper subgroup H of G and some FHmodule W . Then W is absolutely irreducible and dim F W < d. By Lemma 6 there is no binomial vector in W for H, and the first assertion follows. Consequently V is primitive. As in the proof for Lemma 7 one gets that, for every normal subgroup N of G, the irreducible constituent of Res By induction we may thus assume that e ¼ 1. Observe that if S 4 , A 4 or the primitive group S are quotient groups ofĜ G then the same holds for G, because these permutation groups have trivial centers. It follows that C G ðEÞ ¼ ZðGÞ and that EZðGÞ is the generalized Fitting subgroup of G. If ðG; V Þ is not reduced, with core E, then E is the central product of the distinct G-conjugates of a proper quasisimple normal subgroup E 0 , and Cli¤ord theory of tensor induction applies. Then W ¼ Res G H ðV Þ is the tensor product of the distinct G-conjugates of the unique (absolutely) irreducible constituent W 0 of Res E E 0 ðW Þ. Let G 0 ¼ N G ðE 0 Þ and n ¼ jG : G 0 j d 2. As before there is a central extensionG G 0 of G 0 by a (cyclic) group of order dividing jG 0 j and a FG G-moduleW W 0 which restricts to W 0 on E 0 . Let X ¼G G 0 =CG G 0 ðW W 0 Þ. Since E 0 is quasisimple, the pair ðX ;W W 0 Þ is reduced, its core being a quasisimple group E 1 with E 1 =ZðE 1 Þ G E 0 =ZðE 0 Þ. As above V ¼W W nn 0 is obtained by tensor induction fromW W 0 . By Lemma 6 there is no binomial vector inW W 0 for X . It follows from Proposition 6 (and its proof ) that E 1 =ZðE 1 Þ G A 5 ; A 6 or U 4 ð2Þ and that jF j A f7; 11; 13; 19; 31g.
Hence we may assume that ðG; V Þ is reduced. Now Proposition 6 applies. r
The mysterious equality
Let V be a faithful, coprime and irreducible FG-module of characteristic p satisfying kðGV Þ ¼ jV j. Assume that G 0 1 and that p > 5. We shall establish the main theorem (stated in the introduction) by proving that then G must be a Singer cycle on V . Suppose first that there is a binomial vector v A V for G. By Lemma 4 then C G ðvÞ fulfills the character congruences for p. Hence it follows from Proposition 5 that G is abelian (as jF j d 7) . We have already observed in the introduction that then G is a Singer cycle on V .
Assume in the sequel that there is no binomial vector in V for G, allowing also p ¼ 5. By Proposition 7 then V is absolutely irreducible and F ¼ F p with p A f5; 7; 11; 13; 19; 31g. By Proposition 3 the module V is primitive. Hence by Proposition 7 once again either G has A 5 , A 6 or U 4 ð2Þ as composition factors, which is impossible by Lemmas 4 and 5 (and the remark after Lemma 5), or G has A 4 , S 4 or some further primitive groups S as a quotient group. It remains to rule out these groups S.
Consider first the case S ¼ 6 . Hence S has irreducible characters of degree 3; 3 2 ; 3 3 or 3 4 . Only 3 3 is congruent to G1 mod 7. Hence we may assume that jY j is divisible by 3 3 . Then Y is nonabelian, because otherwise it is cyclic of order 9. Let N 0 G 3 The proof of the main result of the paper is complete. In an attempt to solve the problem for characteristic p ¼ 5, by the above one can assume that there is a binomial vector v A V for G. By Proposition 4 one can assume that C G ðvÞ is nonabelian. Possibly one can improve the class number estimate given in Proposition 2 (for binomial groups of su‰ciently large degrees) such that Proposition 5 works also for p ¼ 5.
